Lecture 19

e Resonant Frequencies and Buildings

e Pressure in a Fluid

Cutnell+Johnson: 10.5-10.6, 11.1-11.4

To review what we did last time, let’s do a problem:

Problem A 8.5 kg board is wedged into a corner and held at a 60° angle to the floor by
a spring attached to the wall. The spring is parallel to the floor and has a spring constant of
170 N/m. How far is the spring stretched?

Answer Since nothing is moving, we have equilibrium. Thus the sum of the forces as well as
the sum of the torques must vanish. The sum of the forces will involve the force of the ground
on the board, which we don’t know. Thus all we’ll need is the torque equation

ZT:O

Since we don’t know the ground forces, we take the torque around the corner. Then the only
torques are due to the board and the spring. The torque of the board acts on the center, and
comes from the tangential component of the force because 7 = Fpr:

L
Thoard = —Mg COS(600)5

where L is the length of the board. This torque is negative because it is clockwise. Similarly,
the torque due to the spring is

Tspring = Fspring c0S(30°) L
Since the sum of the torques must vanish, we have
Fypring c0s(30°) L — mg cos(60°)L/2 = 0
Solving for the force due to the spring gives

cos(60°)
Fs ring — — =< =24N
pring = 1195 cos(30°)
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With a spring constant of 170/N/m, this means that the spring has been stretched by

Fspring o 24N

- = .14
k 170 N/m "

Tr=

Resonant Frequencies and Buildings

The point of last lecture was that for restoring forces obeying Hooke’s Law, the position
oscillates in time. For an object stretched to its maximum value z = A at time ¢t = 0, the
stretching at time ¢ is given by the formula

x = Acos(wt)

A is called the amplitude: the oscillations go back and forth between ©+ = A and v = —A. w is
called the frequency, and as we saw last time, is closely related to the angular speed of a rotating
object. The key point about w is that for a restoring force, it is not an arbitrary number: it is
determined by the other properties of the system. For example, for a pendulum of length L,

w=4/2
L
as long as the swinging does not get too large. Here it is independent of the mass of the
pendulum. For an object of mass m hanging at the end of a spring with spring constant k, one

has
k

w=1/—
m

So as opposed to the pendulum, this does depend on the mass of the object (but not on the
length of the spring!). Notice that in both cases, w is independent of the amplitude A. Another
is example of this is the guitar: it doesn’t matter how hard you play a guitar string, you get the
same note.

It’s the same way for materials, whether you’re stretching or shearing or expanding them. For
example, if you stretch a rod and let go, it contracts and expands with a frequency determined
by Young’s modulus. A related example is a tuning fork. When you bang on it, you're bending
it out of shape. It oscillates back and forth, making its sound. The frequency of this oscillation
determines which sound. You can’t change the pitch of a tuning fork: it’s a property of the
material.

So why don’t things just oscillate forever? The answer of course is that non-conservative
forces like friction take energy away from the oscillation and don’t give it back, causing the
amplitude to gradually decrease to zero. But these forces don’t affect the frequency much. This



is called damping. Another thing to note is that Hooke’s Law (stress is proportional to strain) is
just an approximation, and the extra pieces (for example maybe a cubic term) mess things up.

On the flip side, one can actually make the amplitude increase. This is by applying a
resonant force. What resonance means is that the period of the external force is the same
(or some multiple of) the period of the oscillating object. This sounds fancy, but is simple to
understand by thinking about how you push someone a swing. A swing is just a pendulum. If
you're pushing someone on a swing, you don’t push continuously, but in fact only push every
time the person returns to one end. The period of your pushing is the same as the period of
the pendulum. If you push only every other time, then your period is twice the period of the
pendulum, that’s still fine. However, say you pushed with twice the period of the pendulum,
but still pushed in the same direction. Then the pendulum would come to a stop very quickly.
This is called being out of phase. You need to be in phase (or very close to it) to increase the
amplitude.

The idea of resonant frequencies is very important for a building. The building sways back
and forth with some resonant frequency, and not necessarily only in one direction. One of the
(many) things messed up in the John Hancock Tower in Boston was the fact that the building
was susceptible not only to oscillations in the long direction as you would expect, but in the
short direction as well, as nobody had noticed originally. (This turned out to have nothing to do
with the fact that its windows were falling out — that turned out to have to do with a very subtle
effect in the way the windows were attached. However, it was the windows falling which caused
the thorough investigation and subsequent discovery of the other properties of the building. )

The way the problem was corrected in this building and in other buildings which sway too
much was by using a tuned dynamic damper. What you do is put a huge weight on the top of the
building, attached to springs. As the building starts to sway, the weight stays in place, because
of its huge inertia. This compresses or stretches the springs. The restoring force of the springs
then tries to push the block back. The idea is that you tune the frequency \/k/m of the spring
and weight to be the same as that of the building’s sway. That way the weight is oscillating back
and forth with the same frequency and period as the building. However, the weight is opposing
the motion of the building. It is like pushing the swing at the right period, but in the wrong
direction. The swing will quickly come to a stop. The idea is to do the same for the building.

However, the problems are not always corrected in time. The Tacoma Narrows Bridge in
Washington collapsed not only because it liked to bounce up and down (galloping), but because
it was not very resistant to twisting as well. A not-very-large steady wind of 40 mph across
the bridge for a few hours was enough to cause it to twist back and forth in the short direction
and collapse. There were some subtle effects (air vortices provided a resonant force) but the
basic reason was that it was just not stiff enough in this direction (not enough damping). Also,
openings would have allowed the wind through better and minimized the effect. The engineers
had tried various things (including an untuned dynamic damper) but nothing worked. It wasn’t
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until 1990 that a tuned dynamic damper was successfully installed on a bridge (the Bronx-
Whitestone bridge) to counteract the twisting.

Pressure in a Fluid

In the last lecture I briefly introduced pressure. The pressure is defined as the force per area:

P
A

If a pressure P is being exerted on a surface of area A, the total force perpendicular to that
surface is F'|, = PA. Forces parallel to the surface don’t contribute to the pressure, and so
don’t appear in the formula. It is often useful to speak of pressure instead of force. Air pressure
around you is roughly 15 pounds per square inch. That’s a huge force on any object of any
reasonable size. For example, the area of my arm is about 100 square inches, which would add
up to a huge force if all the forces were in the same direction. However, the force underneath
my arm is pushing up, while the force on top is pushing down, so this force more or less cancels
(otherwise I couldn’t lift my arm). If you suck the air out of some closed container, you can use
the pressure to create a huge force. You can do this easily to a soda can, but in fact you can
do much more impressive things than that: you can shoot a nerf ball out of a cannon at about
300 mph solely by using air pressure (pump the air out of the cannon and let it back in all of a
sudden).

The MKS unit of pressure is of course N/m?, which is sometimes called the Pascal. Atmo-
spheric pressure is about 10° Pa, and another unit of pressure called the atmosphere is defined
as

1 atm = 1.013 x 10° Pa = 14.70 [b/in*

Fluids also exert pressure just like air. The pressure at the surface of water is the same as the
air pressure (this is just Newton’s third law — the water and air push on each other with equal
and opposite forces. However, if you go down into the water, or up into the air, the pressure
decreases as you go up, and increases as you go down. The reason is quite simple: gravity. In
the atmosphere, you have the weight of all the air above you pushing down on you. If you go
down into the water, not only do you have the weight of that air, but the weight of the water as
well. We can use a force diagram to figure out how the pressure changes. Consider a (stationary)
block of water anywhere in the middle. This block has some mass m. The external forces in the
x direction aren’t interesting: the force on one side cancels the one on the other. However, in
the y direction there’s another force: gravity. There are hence three forces in the y direction:
the force on the top pushing down, gravity pushing down, and the force on the bottom pushing
up. Define the pressure at the top to be P;, and the pressure at the bottom to be P,. The force
on the top is therefore of magnitude P;A, and on the bottom P, A, where A is the area of the
top or of the bottom of the block. Since the water isn’t moving, the sum of the forces is zero.



This means that
Y F,=0=RA-PA-my
This means that
myg
A
The pressure at the bottom is indeed greater than that at the top. This effect is very familiar:
your ears hurt if you swim down into the diving well of a pool. Air is very much like a fluid: as
you go up in the atmosphere, the pressure goes down, making it harder to breathe.

P2:P1+

We can make this formula more useful by introducing density. The density p of any substance
(solid, liquid or gas) is defined is simply as its mass per volume:

P=y

We can use this in the above problem. Even though water pressure increases as you go lower,
it is virtually “incompressible”. This means that its density is independent of the pressure (as
opposed to air, which gets much less dense as you increase the pressure, as we’ll see later in the
class). In the equation AP = —BAV/V, from the last lecture, incompressible means that the
bulk modulus B is essentially infinite: the volume does not change no matter what the pressure
is. Thus in the above formula for pressure, we express the mass m of the block as m = pV.
Incompressibility means that the density p is independent of height. Then

Vv
P2:P1+%:P1+pgh
I used the fact that the volume of the block of water V' is the same as Ah, where h is the height

of the block of water. The density p of water is easy to remember: the units are defined so that
Pwater = 1 g/cm® = 1000 kg/m?

This means that just by going down 10m the pressure increases by about 10°Pa. Thus the
pressure at 10 m below the surface is twice atmospheric pressure (because Py, at the surface, is
already atmospheric pressure).

A device to measure air pressure is called a barometer. It just consists of an upside-down
tube set in a bath of some liquid (usually mercury). You pump the air out the end of the
tube, and the level of the liquid varies depending on the atmospheric pressure. We can compute
how far atmospheric pressure will push a column of mercury by using the density of mercury
p = 1.36 x 10* kg/m? (Notice mercury is more than 10 times as dense as water, and it is still
a liquid at room temperature. This is why it is used in barometers.) We can use the above
formula. The pressure at the bottom P, is atmospheric pressure of 1.013 x 10° Pa, while at the
top, the pressure is zero because all the air is pumped out of the tube. Thus the pressure is

1.013 x 10° Pa = 0 + (1.36 x 10* kg/m?)(9.8m/s*)h



SO

h =.760m

Thus you often hear pressures given in millimeters of mercury, and in fact you have 1 atm = 760
mmHg. In inches, this is a little less than 30 inches.

Note also this is how pumps work. You suck the air out of a pipe, and the air pressure forces
the water up. Since water is less dense than mercury, you can pump it higher. With atmospheric
pressure, the maximum height you can pump water to is

1.013 x 10° Pa
h— ~103
(1000 kg/m?)(9.8m /s?) m

or about 33 feet (roughly three stories). In a tall building, you need multiple pumps (or water
pressurized by other means) to get the water to the roof.



